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ǫ-REGULARITY FOR SHRINKING RICCI SOLITONS AND RICCI FLOWS
HUABIN GE AND WENSHUAI JIANG
ABSTRACT. In [ChTi06], Cheeger-Tian proved an ǫ-regularity theorem for 4-dimensional Einstein manifolds
without volume assumption. They conjectured that similar results should hold for critical metrics with con-
stant scalar curvature, shrinking Ricci solitons, Ricci flows in 4-dimensional manifolds and higher dimensional
Einstein manifolds. In this paper we consider all these problems. First, we construct counterexamples to the
conjecture for 4-dimensional critical metrics and counterexamples to the conjecture for higher dimensional Ein-
stein manifolds. For 4-dimensional shrinking Ricci solitons, we prove an ǫ-regularity theorem which confirms
Cheeger-Tian’s conjecture with a universal constant ǫ. For Ricci flow, we reduce Cheeger-Tian’s ǫ-regularity
conjecture to a backward Pseudolocality estimate. By proving a global backward Pseudolocality theorem, we
can prove a global ǫ-regularity theorem which partially confirms Cheeger-Tian’s conjecture for Ricci flow. Fur-
thermore, as a consequence of the ǫ-regularity, we can show by using the structure theorem of Naber-Tian
[NaTi] that a collapsed limit of shrinking Ricci solitons with bounded L2 curvature has a smooth Riemannian
orbifold structure away from a finite number of points.
1. INTRODUCTION
In [ChTi06], Cheeger-Tian proved the following ǫ-regularity theorem for 4-dimensional Einstein mani-
folds without volume assumption.
Theorem 1.1 (Cheeger-Tian). There exist universal constants ǫ andC such that if (M, g, p) is a 4-dimensional
Einstein manifold with Ric = λg, |λ| ≤ 3 and ∫
Br(p)
|Rm|2 ≤ ǫ (1.1)
for some r ≤ 1, then we have curvature estimate
sup
Br/2(p)
|Rm| ≤ Cr−2. (1.2)
The L2 curvature in (1.1) is scaling invariant. The proof depends on Chopping theory developed in [ChGr,
CFG], Chern-Gauss-Bonnet formula and Cheeger-Colding’s almost metric cone theorem [Ch, ChCo]. The
constant C in (1.2) has a definite lower bound which was pointed out by Hein [He]. If one assume further
the volume is noncollapsed, such regularity estimate is well known by [A89, BKN, Ti]. If the integral in
(1.1) is taken in the average sense:
r4
?
Br(p)
|Rm|2 ≤ ǫ, (1.3)
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such an ǫ-regularity was proved by Anderson [An] which is also a key ingredient in [ChTi06]; see also
[TiVi, TiVi2, Car] for a proof of the ǫ-regularity under the condition (1.3).
Cheeger-Tian [ChTi06] conjectured that a similar ǫ-regularity as in Theorem 1.1 should hold on higher
dimensional Einstein manifolds, 4-dimensional shrinking solitons, Ricci flows and critical metrics which are
metrics satisfying ∆Ric = Rm ∗ Ric; see also Definition 2.1. In this paper we will consider these problems.
Let us recall that (M, g, f ) is a gradient shrinking Ricci soliton if
Ricg + ∇2 f = λg for some constant λ > 0. (1.4)
After normalization, we assume f (p) ≡ min f = 0 which is obtainable for some p ∈ M. In the rest of this
paper we will use this normalization for shrinking Ricci solitons.
Shrinking Ricci Soliton is a generalization of Einstein metric. Under certain conditions on the potential
function f , one is able to get similar results as Einstein metrics. More generally, one can consider Bakry-
Emery Ricci curvature Ric f ≡ Ric + ∇2 f . Under Bakry-Emery Ricci curvature lower bound, a volume
comparison theorem was proved by Wei-Wylie[WW]. Wang-Zhu [WaZh] generalized Cheeger-Colding
theory to Bakry-Emery setting. Recently, Zhang-Zhu [ZZ] generalized the codimension four singularity
theorem in [ChNa] to the setting with bounded Bakry-Emery Ricci curvature and bounded gradient of the
potential functions. The key ingredient for these generalizations is that one can use Moser’s iteration to
deduce Cheng-Yau gradient estimate and Li-Yau heat kernel estimate through integration by parts on the
term ∇2 f .
Expect the Einstein metric which is a trivial soliton, can we classify all the shrinking Ricci solitons? This
is a very interesting problem which is still open. Naber [Na] classified 4-dimensional shrinking Ricci soli-
tons under bounded curvature and nonnegative curvature operator assumptions. To approach the complete
classification of shrinking Ricci solitons, several useful estimates on the potential functions were obtained
by [CaZh, HaMu] where they showed universal gradient estimates for the potential functions; see also
Lemma 2.3. In [MuWa], Munteanu-Wang proved that 4-dimensional shrinking Ricci solitons have bounded
Riemann curvature provided a bounded scalar curvature condition, where the Riemann curvature bound de-
pends on the local geometry around p. One key observation in [MuWa] is that the Riemann curvature in
dimensional four manifold is controlled by the curvature of the level set of the potential function f .
In this paper we will prove an ǫ-regularity for shrinking Ricci solitons, the proof of which would rely on
the basic Bakry-Emery geometry and an apriori potential function estimate in [CaZh, HaMu]. Our first main
result of this paper is the following ǫ-regularity theorem which generalizes Cheeger-Tian’s ǫ-regularity for
Einstein metrics to shrinking Ricci solitons.
Theorem 1.2 (ǫ-regularity). There exist universal constants ǫ and C such that if (M, g, f , p) is a 4-dimensional
shrinking Ricci soliton (1.4) with |λ| ≤ 1 and
∫
Br(x)
|Rm|2 ≤ ǫ,
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for some r ≤ 1, then we have bounded curvature estimate
sup
Br/2(x)
|Rm| ≤ C · d(p, x)
2
+ 1
r2
. (1.5)
Remark 1.1. In [Hu], Huang proved an ǫ-regularity for shrinking Ricci solitons with ǫ depending on d(p, x).
The proof of [Hu] is similar to that of Cheeger-Tian, but he used Bakry-Emery geometry instead of Ricci
curvature equation. Our proof is completely different from Huang’s. Actually, as can be seen below, we
reduce the proof of Theorem 1.2 to the results of [ChTi06, Li]. The key point is to control Ricci curvature.
Once one can bound Ricci curvature, one can deduce Theorem 1.2 from [ChTi06, Li]. Moreover, it turns
out that our approach can be used to Ricci flow where there is no Bakry-Emetry geometry.
Remark 1.2. The constant ǫ in Theorem 1.2 is a universal constant which is independent of d(p, x). By con-
formally changing to bounded Ricci curvature as in [TiZh, Zh], one can prove an ǫ-regularity for shrinking
Ricci soliton with ǫ depending on d(p, x) as [Hu].
Remark 1.3. Even one assume the metric is noncollapsed ( a lower bound for the Perelman’s entropy), such
curvature estimate in (1.5) is still the best estimate one can get until now, where the curvature bound would
depend on d(p, x); see also [HaMu].
As a direct application of the ǫ-regularity Theorem 1.2, we have
Theorem 1.3 (Bounds on blow up points). There are universal constants ǫ and C such that if (M, g, f , p) is
a 4-dimensional shrinking Ricci soliton (1.4) with |λ| ≤ 1 and
∫
M
|Rm|2 ≤ Λ, then there exists {q1, · · · , qN}
with
N ≤ Λǫ−1 (1.6)
such that for all x ∈ M we have
|Rm|(x) ≤ C
(
1 + d(x, p)2
)
max
1≤i≤N
{d(x, qi)−2, 1} (1.7)
By using the structure theorem of Naber-Tian [NaTi], we can easily deduce the following convergence
result for collapsed shrinking Ricci solitons.
Theorem 1.4. Let (M4
i
, gi, fi, pi, λi) be a sequence of complete 4-dimensional shrinking Ricci solitons Ric+
∇2 fi = λigi with |λi| ≤ 1 and
∫
Mi
|Rm|2 ≤ Λ. Then after passing to a subsequence there exist a length space
(X, d, p) and points {q1, · · · , qN} ⊂ X with N ≤ N(Λ) such that
(1) (Mi, gi, pi)
dGH−→ (X, d, p).
(2) If x ∈ X\{qα, α = 1, · · · ,N}, then a neighborhood of x is isometric to a smooth Riemannian orbifold.
(3) There exists a universal constant C such that the sectional curvature satisfies
sec(x) ≥ −C
(
1 + d(x, p)2
)
max
1≤i≤N
{d(x, qi)−2, 1}.
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Remark 1.4. If one assume further a volume noncollapsed condition, it is well known that X is a smooth
orbifold. See related discussions in [CaSe, ChWa, Zhx, Zh, HaMu, We]. Actually, by using the techniques
developed in [ChNa], it was proved in [ZZ] for noncollapsed sequence that the limit space X is a smooth
orbifold without bounded L2 curvature assumption. It is worth pointing out that by using the techniques
in [ChNa, JiNa], one is able to prove an apriori L2 curvature bounds
>
BR(pi)
|Rm|2 ≤ C(v,R) where v is the
volume lower bound constant; see also [HaMu15]. This apriori L2 curvature estimate would imply that the
limit space has finitely many singular points in any compact subset of X.
As is pointed out in Remark 1.1 and Remark 1.2, one can use Bakry-Emery geometry or conformal
change to get a weak ǫ-regularity for shrinking Ricci solitons. However, such technique would not work for
Ricci flow. Fortunately, our proof for shrinking Ricci solitons can be used to Ricci flows. The key point is
an ǫ-regularity estimate for Ricci flows with the average L2 curvature small at a fixed time t = 0, the proof of
which depends on a backward curvature estimate. Actually, by proving a backward Pseudolocality estimate
for Riemann curvature, we can prove the following ǫ-regularity for Ricci flow which partially confirms
Cheeger-Tian’s conjecture in the Ricci flow case.
Theorem 1.5. There exist universal constants ǫ and C such that if (M4, g(t)) is a compact Ricci flow ∂tg =
−2Ric on (−1, 1) with bounded scalar curvature |R| ≤ S at all time, and the curvature integral at time t = 0
satisfies ∫
M
|Rm|2 ≤ ǫ, (1.8)
then the curvature at t = 0 is bounded
sup
M
|Rm| ≤ Cmax{D−2, 1}S , (1.9)
where D = diam(M, g(0)).
Remark 1.5. If S = 0, which means that the flow is scalar flat and thus Ricci flat. By using Chern-Gauss-
Bonnet formula one can conclude that M is flat which coincides with our result.
Remark 1.6. If one can prove a local backward pseudolocality estimate for curvature as in Proposition 4.3,
one will get a local ǫ-regularity. See more discussions in Section 6.
Remark 1.7. One may relate this global estimate with Gromov’s conjecture which says that a universally
small L2 curvature (1.8) on (M4, g) implies that M exists an F-structure; see also [Str] by using the L2
curvature flow to approach such conjecture.
In Section 5 we construct examples to explain that the ǫ-regularity as Theorem 1.1 would not hold on
higher dimensional Einstein manifolds and 4-dimensional Ka¨hler metrics with zero scalar curvature which
are critical metrics. In particular, we have the following
Theorem 1.6. Cheeger-Tian’s ǫ-regularity conjecture doesn’t hold for 4-dimensional critical metrics or
n-dimensional Einstein metrics with n ≥ 5.
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Remark 1.8. By Theorem 1.6, the ǫ-regularity estimate as Theorem 1.1 only holds for 4-dimensional Ein-
stein manifolds. Therefore, one can see in [ChTi06] that the Gauss-Bonnet-Chern formula plays the crucial
role in the proof of the ǫ-regularity Theorem 1.1, since all other techniques are valid for all dimensions.
Organizations of the paper. In Section 2, we recall some basic results about critical metrics and shrinking
Ricci solitons.
In Section 3, we will prove the ǫ-regularity Theorem 1.2, Theorem 1.3 and Theorem 1.4. First in sub-
section 3.1, we will prove an ǫ-regularity with average L2 curvature small, the idea of which follows from
[Car, GeJi, Sze]. In Subsection 3.2, we recall the estimate in [ChTi06, Li] and prove an ǫ-regularity by
assuming bounded Ricci curvature. In Subsection 3.3, by using the result in Subsection 3.2, we show that
the Ricci curvature is bounded provided the L2 curvature is small. Theorem 1.2 will follow easily from the
Ricci curvature estimate in Subsection 3.3 and the ǫ-regularity with a bounded Ricci curvature assumption
in Subsection 3.2.
In Section 4, we will consider the ǫ-regularity of Ricci flow. The main estimate is the backward Pseu-
dolocality curvature estimate in subsection 4.1. In Section 5, we will construct some examples to explain
our results. In Section 6, we will discuss a few about the ǫ-regularity with local L2 curvature for Ricci flow.
2. PRELIMINARIES
In this section we mainly recall some known results which we will use in our proof.
2.1. Critical metrics and ǫ-regularity. In this subsection we recall the definition of critical metrics and
the ǫ-regularity theorem proved in [TiVi, TiVi2](see also [Car]). Let us first present the definition of critical
metrics which considered by [TiVi] and [Car].
Definition 2.1 (Critical metric). We say that a Riemannian metric is critical if its Ricci tensor satisfies a
Bochner’s type equality:
∆Ric = Rm ∗ Ric (2.1)
The following metrics are critical metrics(See [TiVi],[Car]):
(1) Bach flat metric with constant scalar curvature,
(2) Self-dual or Anti-self-dual metrics with constant scalar curvature,
(3) Metric with harmonic curvature,
(4) Ka¨hler metrics with constant scalar curvature.
In [TiVi, Car], the following ǫ-regularity theorem was proved for critical metrics
Theorem 2.2. Let (Mn, g, p) have critical metric g. For any ǫ there exists δ(n, ǫ) such that if
sup
Br(x)⊂B2(p)
rn
?
Br(x)
|Rm| n2 ≤ δ, (2.2)
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then we have
sup
B1(p)
|Rm| ≤ ǫ. (2.3)
Remark 2.1. The constant δ(n, ǫ) may depend on the coefficients of equation (2.1).
Remark 2.2. If we have Ricci curvature lower bound Ric ≥ −(n − 1)g, by the volume comparison we only
need to assume
>
B2(p)
|Rm| n2 ≤ δ in Theorem 2.2.
2.2. Shrinking Ricci solitons. In this subsection, we recall some estimates of shrinking Ricci solitons
which play a role in the ǫ-regularity theorem. The following estimates were proved in [Ch, CaZh, HaMu].
Lemma 2.3. Let (Mn, g, f , p) be a gradient shrinking Ricci soliton (1.4) with normalization such that f (p) =
min f = 0 and |λ| ≤ 1. Then the scalar curvature R and the potential function f satisfy
0 ≤ R(x) ≤ d(x, p)2 + 1 (2.4)
|∇ f |2(x) ≤ d(x, p)2 + 1. (2.5)
Remark 2.3. The nonnegative scalar curvature bound was proved in [Ch].
2.3. Sobolev constant estimates. In this subsection, let us recall the Sobolev constant estimate in [An]
which will be used several times in our proof when we apply Moser iteration.
Lemma 2.4. Let (Mn, g, p) satisfy Ric ≥ −(n − 1) on B2(p). Then the following Sobolev inequality holds(?
Br(p)
|u| 2nn−2
) n−2
n
≤ C(n)r2
?
Br(p)
|∇u|2, (2.6)
for any u ∈ C∞
0
(Br(p)) with r ≤ 1.
Remark 2.4. In [An], Anderson proved an isoperimetric constant bound which gives us the Sobolev constant
estimate. Recently, Dai-Wei-Zhang [DWZ] generalized such isoperimetric constant estimate from lower
Ricci curvature to Lp Ricci curvature lower bound case for p > n/2.
Proof. Let us simply outline a proof for Lemma 2.4. By using Cheeger-Colding’s Segment inequality
[ChCo, Ch, ChCo1], we can get a Dirichlet Poincare´ inequality [Ch] and a weak Neumann type Poincare´
inequality [ChCo1]
(1) Dirichlet:
>
Br(p)
|u|2 ≤ C(n)r2
>
Br(p)
|∇u|2 for all u ∈ C∞
0
(Br(p)) with r ≤ 1.
(2) Neumann:
>
Br(p)
∣∣∣∣u − >Br(p) u
∣∣∣∣2 ≤ C(n)r2 >B2r(p) |∇u|2 for all u ∈ B2r(p) with r ≤ 1/2.
One can now follow the proof in [HaKo] to get a Neumann type Sobolev inequality:
(?
Br(p)
∣∣∣∣u −
?
Br(p)
u
∣∣∣∣
2n
n−2
) n−2
n
≤ C(n)r2
?
Br(p)
|∇u|2, for all u ∈ C∞(Br(p)) with r ≤ 1. (2.7)
Combining with Dirichlet Poincare´ inequality we get the desired Sobolev inequality (2.6). 
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3. ǫ-REGULARITY THEOREM OF SHRINKING RICCI SOLITON
The main goal of this section is to prove the ǫ-regularity theorem 1.2 for shrinking soliton.
3.1. ǫ-regularity with small average L2 curvature. The following ǫ-regularity with average L2 curvature
bound is a standard application of Moser iteration as [An]. One can also prove this by using the idea in
[Car, GeJi, Sze] without involving Moser iteration.
Lemma 3.1 (ǫ-regularity with average energy small). There exist universal constants ǫ and C such that if
(M4, g, f ) is a gradient Ricci soliton (1.4) with |λ| ≤ 1, and if for some r ≤ 1 there holds r4
>
Br(x)
|Rm|2 ≤ ǫ
and r supBr(x) |∇ f | ≤ 1, then
sup
y∈Br/2(x)
|Rm|2(y) ≤ C
?
Br(x)
|Rm|2. (3.1)
Remark 3.1. This lemma holds for all dimensions by replacing L2 curvature by Ln/2 curvature. For non-
collapsing case, one can find a proof in [Zh], [TiZh], [HaMu]. For Einstein manifolds, this was proved by
Anderson [An] through controlling the Sobolev constant and using Moser’s iteration. We use the idea of
[Car] to prove such ǫ-regularity.
Proof. By scaling invariant, we may assume r = 1. For any y ∈ B1/2(x), since |∇ f | is bounded, we can use
the volume comparison of Bakry-Emery Ricci curvature [WW] to conclude that for any s ≤ 1/2
Vol(Bs(y))
s4
≥ CVol(B2(y))
24
≥ CVol(B1(x)), (3.2)
for a universal constant C. Therefore, we have for any s ≤ 1/2 that
s4
?
Bs(y)
|Rm|2 ≤ C−1 1
Vol(B1(x))
∫
Br(y)
|Rm|2 ≤ C−1
?
B1(x)
|Rm|2 ≤ C−1ǫ. (3.3)
The proof of (3.1) would have two steps. First we will show that the curvature is bounded supB3/4(x) |Rm| ≤
16. Based on the bounded curvature estimate, later we will improve the curvature bound from a fixed
constant to the average integral bound in (3.1).
Let us show the curvature is bounded by a constant. Consider the function h(y) = d(y, ∂B1(x))
2 |Rm|(y) on
B1(x). We will show that supB1(x) h ≤ 1 which will give us the curvature bound in B3/4(x). Assume h(x0) =
supB1(x) h = A ≥ 1 with 2r0 = d(x0, ∂B1(x)) > 0. Then on the ball Br0(x0), we have supBr0 (x0) |Rm| ≤ Ar
−2
0
and |Rm|(x0) = A4r2
0
. Let us consider the ball Bs(x0) ⊂ Br0(x0) such that Ar−20 = s−2. By Lemma 3.2, we have
supBs/2(x0) |∇Rm| ≤ Λs−3. Combining with the fact that |Rm|(x0) ≥ 14s2 , we have
inf
Bs/10Λ(x0)
|Rm| ≥ 1
10s2
. (3.4)
Hence
s4
104Λ4
?
Bs/10Λ(x0)
|Rm|2 ≥ 1
106Λ4
. (3.5)
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By choosing ǫ small, we deduce a contradiction. Thus we have supB1(x) h ≤ 1. In particular, supB3/4(x) |Rm| ≤
16.
Denote µ2 ≡
>
B3/4(x)
|Rm|2 ≤ Cǫ. Consider L(y) = d(y, ∂B3/4(x))2|Rm|(y) on B3/4(x). We will show that
supB3/4(x) L(y) ≤ Cµ which will conclude the estimate in Lemma 3.1. Assume L(y0) ≡ K ≡ supB3/4(x) L(y)
with d(y0, ∂B3/4(x)) = 2s. Therefore Bs(y0) ⊂ B3/4(x) with supBs(y0) |Rm| ≤ Ks−2 and |Rm|(y0) = s−2K/4
for some K. Let us show that K ≤ Cµ. Indeed, since supBs(y0) |Rm| ≤ supB3/4(x) |Rm| ≤ 16 ≤ s−2, we have by
Lemma 3.2 that supBs/2(y0) |∇Rm| ≤ ΛKs−3. Thus
inf
Bs/10Λ(y0)
|Rm| ≥ K
10s2
. (3.6)
Therefore, by (3.3) we get
K2
106Λ4
≤ s
4
104Λ4
?
Bs/10Λ(y0)
|Rm|2 ≤ Cµ2 (3.7)
Hence we have K ≤ Cµ for a universal constant C. Thus by (3.3), we get
sup
B1/2(x)
|Rm|2 ≤ Cµ2 ≤ C
?
B1(x)
|Rm|2. (3.8)

Lemma 3.2. Let (Mn, g, f ) be a gradient Ricci soliton Ric+∇2 f = λg with |λ| ≤ 1. There exists a universal
constant Λ(n) such that if supBr(x) |∇ f | ≤ r−1 and supBr(x) |Rm| = µr−2 ≤ r−2 for a fixed r ≤ 1, then
sup
Br/2(x)
|∇Rm| ≤ Λµ
r3
. (3.9)
Proof. One can prove this by using Shi’s local curvature estimate. Instead of applying Shi’s curvature
estimate, we will use soliton equation. Without loss of generality, let us assume r = 1. From the soliton
equation, we can compute(see [MuWa])
∆ f |Rm|2 ≥ 2|∇Rm|2 − c(n)|Rm|3 (3.10)
∆ f |∇Rm|2 ≥ 2|∇2Rm|2 − c(n)|∇Rm|2 · |Rm|, (3.11)
where ∆ f = ∆ − 〈∇·,∇ f 〉. Using Cauchy inequality, we have
∆|Rm|2 ≥ |∇Rm|2 − c(n)|Rm|3 − c(n)|∇ f |2 |Rm|2 (3.12)
∆|∇Rm|2 ≥ |∇2Rm|2 − c(n)|∇Rm|2 · |Rm| − c(n)|∇ f |2 |∇Rm|2. (3.13)
By the assumption of bounded curvature and |∇ f | ≤ 1, we have
∆|∇Rm|2 ≥ −c(n)|∇Rm|2. (3.14)
By Moser’s iteration as in [An], we get
sup
B3/4
|∇Rm|2 ≤ C(n)
?
B4/5
|∇Rm|2. (3.15)
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By multiplying a cutoff function to (3.12) and integrating by part, we have
?
B4/5
|∇Rm|2 ≤ C(n)
?
B1
|Rm|2 +C(n)
?
B1
|Rm|3 ≤ C(n)µ2. (3.16)
Therefore, we conclude from (3.15) and (3.16) that supB3/4(x) |∇Rm|2 ≤ C(n)µ2 which finishes the proof. 
3.2. ǫ-regularity with bounded Ricci curvature. In this subsection, we recall Cheeger-Tian’s curvature
estimate for manifold with bounded Ricci curvature and prove the following ǫ-regularity.
Theorem 3.3. There exist universal constants ǫ and C > 0 such that if (M, g, f ) is a 4-dimensional gradient
shrinking Ricci soliton (1.4) with |λ| ≤ 1, and
∫
B1(x)
|Rm|2 ≤ ǫ, supB1(x) |Ric| ≤ 3 and supB1(x) |∇ f | ≤ 1, then
we have curvature bound
sup
B1/2(x)
|Rm| ≤ C. (3.17)
The proof of Theorem 3.3 relies on the following classical result proved in [Li] for bounded Ricci curva-
ture manifolds which was originally pointed out in [ChTi06].
Theorem 3.4 ([ChTi06, Li]). For any ǫ > 0 there exist constants δ(ǫ) and a(ǫ) depending only on ǫ such
that if (M, g, x) is a complete 4-dimensional manifold with supBr(x) |Ric| ≤ 3 and
∫
Br(x)
|Rm|2 ≤ δ for some
r ≤ 1, then we have for some s ≥ ar that
s4
?
Bs(x)
|Rm|2 ≤ ǫ. (3.18)
Now we are ready to prove Theorem 3.3.
Proof of Theorem 3.3. This is a direct application of Theorem 3.4 and Lemma 3.1. It suffices to show for
any y ∈ B1/2(x) that
|Rm|(y) ≤ C. (3.19)
Indeed, for any ǫ′ there exists ǫ(ǫ′) and a(ǫ′) such that by Theorem 3.4 if
∫
B1/2(y)
|Rm|2 ≤
∫
B1(x)
|Rm|2 ≤ ǫ we
have for some s ≥ a that
s4
?
Bs(y)
|Rm|2 ≤ ǫ′. (3.20)
Applying Lemma 3.1, we have for some universal constant C that
|Rm|(y) ≤ Cǫ′s−2 ≤ Cǫ′a−2. (3.21)
Since ǫ′ and constant a can be chosen to be universal constants, we finish the whole proof. 
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3.3. Ricci curvature estimates. The main purpose of this subsection is to show that the Ricci curvature is
bounded under a small L2 curvature integral. Our main result is the following theorem.
Proposition 3.5. There exist universal constants ǫ and A such that if (M, g, f ) is a 4-dimensional gradient
shrinking Ricci soliton Ric + ∇2 f = λg with
∫
B1(x)
|Rm|2 ≤ ǫ and supB1(x) |∇ f | ≤ 1 and |λ| ≤ 1, then we have
Ricci curvature bound
sup
B1/2(x)
|Ric| ≤ A. (3.22)
Let us begin with the following lemma which is the key ingredient to approach the Ricci curvature es-
timate; see also [Wa]. It derseves to point out that this is the main difference bewteen critical metrics and
solitons, since we will not have similar estimate for critical metrics.
Lemma 3.6. Let (M, g, f ) be an n dimensional gradient shrinking Ricci soliton Ric + ∇2 f = λg with
0 < λ ≤ 1. If supB1(x) |Rm| ≤ 1 then there exists a universal constant C(n) such that
sup
B1/2(x)
|Ric|2 ≤ C(n) sup
B1(x)
|∇ f | +C(n)λ. (3.23)
Proof. Let us assume supB1(x) |∇ f | ≤ 1, otherwise, the Ricci curvature bound (3.23) holds trivially by using
the Riemann curvature bound. By a direct computation using soliton equation as in [MuWa], we have
∆ fR = R − 2|Ric|2 (3.24)
∆ f |Ric|2 ≥ 2|∇Ric|2 + 2|Ric|2 − c(n)|Rm| · |Ric|2, (3.25)
where ∆ f = ∆ − 〈∇·,∇ f 〉. By the bounded assumption for |∇ f | and |Rm| and Cauchy inequality, we have on
B1(x) that
∆|Ric|2 ≥ |∇Ric|2 − c(n)|Ric|2. (3.26)
Hence, by Moser’s iteration which is valid due to the Sobolev constant estimate in Lemma 2.4, we get
sup
B1/2(x)
|Ric|2 ≤ c(n)
?
B3/4(x)
|Ric|2. (3.27)
To conclude the estimate (3.23), it will suffice to bound the L2 Ricci curvature in (3.27). Actully, since
supB1(x) |∇ f | ≤ 1, by normalizing f such that f (x) = 0 which doesn’t affect the estimate (3.23), we have
supB1(x) | f | ≤ 1.
Choose a cutoff function ϕ with ϕ ≡ 1 on B3/4(x) and ϕ ≡ 0 away from B1(x) such that |∇ϕ| + |∇2ϕ| +
|∇∆ϕ| ≤ c(n), which is possible since we have curvature bound and curvature derivative bound in Lemma
3.2. On the other hand, by soliton equation Ric +∇2 f = λg, we have R +∆ f = nλ. Multiplying ϕ2 to (3.24)
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and integrating by parts with weight e− f , we have by using supB1(x) | f | ≤ 1 and supB1(x) |∇ f | ≤ 1 that
2
?
B1(x)
|Ric|2ϕ2e− f =
?
B1(x)
ϕ2Re− f −
?
B1(x)
ϕ2∆ fRe
− f (3.28)
≤ c(n)λ −
?
B1(x)
ϕ2∆ f e− f +
?
B1(x)
ϕ2∆ f (∆ f )e
− f (3.29)
≤ c(n)λ −
?
B1(x)
ϕ2|∇ f |2e− f +
?
B1(x)
〈∇ϕ2,∇ f 〉e− f +
?
B1(x)
∆ fϕ
2
∆ f e− f (3.30)
≤ c(n)λ + c(n) sup
B1(x)
|∇ f | +
?
B1(x)
∆ fϕ
2|∇ f |2e− f −
?
B1(x)
〈∇∆ f ϕ2,∇ f 〉e− f (3.31)
≤ c(n)λ + c(n) sup
B1(x)
|∇ f | −
?
B1(x)
〈∇∆ϕ2,∇ f 〉e− f +
?
B1(x)
〈
∇〈∇ f ,∇ϕ2〉,∇ f
〉
e− f . (3.32)
≤ c(n)λ + c(n) sup
B1(x)
|∇ f | +
?
B1(x)
∇2 f (∇ϕ2,∇ f )e− f (3.33)
Using soliton equation ∇2 f = −Ric + λg, we have
2
?
B1(x)
|Ric|2ϕ2e− f ≤ c(n)λ + c(n) sup
B1(x)
|∇ f | −
?
B1(x)
Ric(∇ϕ2,∇ f )e− f (3.34)
≤ c(n)λ + c(n) sup
B1(x)
|∇ f | + 2
?
B1(x)
ϕ|Ric| · |∇ϕ| · |∇ f |e− f (3.35)
≤ c(n)λ + c(n) sup
B1(x)
|∇ f | +
?
B1(x)
ϕ2|Ric|2e− f +
?
B1(x)
|∇ϕ|2|∇ f |2e− f (3.36)
≤ c(n)λ + c(n) sup
B1(x)
|∇ f | +
?
B1(x)
ϕ2|Ric|2e− f , (3.37)
where we also use the fact that |∇ f | ≤ 1. Therefore, we get
?
B3/4(x)
|Ric|2 ≤ c(n)
?
B1(x)
|Ric|2ϕ2e− f ≤ c(n)λ + c(n) sup
B1(x)
|∇ f |. (3.38)
Combining with (3.27) gives us
sup
B1/2(x)
|Ric|2 ≤ c(n)λ + c(n) sup
B1(x)
|∇ f |, (3.39)
which finishes the proof. 
Now we are ready to prove Proposition 3.5
Proof of Proposition 3.5. Consider the function h(y) = d
(
y, ∂B1(x)
)2|Ric|(y). We only need to show h is
bounded in B1(x) by a universal constant. Let us argue by contradiction. Assume h(x0) = supB1(x) h =
N2 > 10. Let 2r0 = d(x0, ∂B1(x)) > 0. Then we have supBr0 (x0)
|Ric| ≤ N2
r2
0
and |Ric|(x0) = N24r2
0
. Consider the
rescaled metric g˜ = N
2
r2
0
g. Then the ball (Br0(x0), g) is rescaled to a ball (BN(x0), g˜) with supBN(x0) |∇˜ f | ≤ r0/N,
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|R˜ic| ≤ 1, |R˜ic|(x0) = 14 and
∫
BN (x0)
|R˜m|2 ≤ ǫ. In particular we have
∫
B1(x0)
|R˜m|2 ≤ ǫ. Moreover we have
shrinking soliton
R˜ic + ∇˜2 f = λ˜g˜ (3.40)
with λ˜ = λ
r2
0
N2
≤ r
2
0
N2
. Applying Theorem 3.3 to (B1(x0), g˜) ⊂ BN(x0), we conclude that supB1/2(x0) |R˜m| ≤ C
for some universal constant C. On the other hand, by Lemma 3.6, we can use |∇˜ f | + |λ˜| to control the Ricci
curvature such that
sup
B1/4(x0)
|R˜ic|2 ≤ C˜
(
sup
B1(x0)
|∇˜ f | + |λ˜|
)
≤ C˜ r0
N
, (3.41)
for a universal constant C˜. Noting that r0 ≤ 1, if N is large enough, this contradicts with |R˜ic|(x0) = 14 . In
fact, |R˜ic|(x0) = 1/4 and (3.41) give the bound N ≤ C˜r0 ≤ C˜. Therefore, we get our desired Ricci curvature
bound. 
3.4. Proving Theorem 1.2. Theorem 1.2 will follow from Proposition 3.5 and Theorem 3.3. Indeed, for
any x ∈ M and r ≤ 1 with d(x, p) = R we have by Lemma 2.3 that |∇ f |2 ≤ R2 + 1 on Br(x). Without loss any
generality, assume R > 1. To prove Theorem 1.2, it suffices to show that there exists a universal constant C
such that for every point y ∈ Br/2(x)
|Rm|(y) ≤ Cr−2R2. (3.42)
Actually, consider the rescaled metric g˜ = 4r−2R2g. We have |∇˜ f |2 ≤ 1 on B˜2R(y) and
∫
Br/2(y)
|Rm|2 =∫
B˜R(y)
|R˜m|2. By Proposition 3.5, there exist universal constants ǫ and A such that if
∫
B˜1(y)
|R˜m|2 ≤
∫
B˜R(y)
|R˜m|2 ≤
ǫ we have supB˜1/2(y) |R˜ic| ≤ A. Rescaling g˜ by gˆ = Ag˜ = Ar−2R2g and applying Theorem 3.3 we get for some
universal constant C that
sup
Bˆ1/2(y)
|Rˆm| ≤ C. (3.43)
Returning back to metric g we have
|Rm|(y) ≤ CAr−2R2, (3.44)
where C and A are universal constants. Hence we finish the proof of Theorem 1.2. 
3.5. Proving Theorem 1.3. The proof is standard. For any i ≥ 0 define the set Ai = {xi1, · · · , xiki} ⊂ M to
be a maximal subset of points such that
∫
B
2−i (x)
|Rm|2 ≥ ǫ and B2−i(x) are disjoint, where ǫ is the universal
constant in Theorem 1.2. It is obvious that Ai ⊂ B2(A0) which is uniformly bounded.
Denote ri = 2
−i. For each i let us refine the set Ai by the following process. Add minimal number of
points of Ai−1 to Ai such that the new set Ai,i−1 satisfying B2ri−1(Ai−1) ⊂ B4ri−1(Ai,i−1). It is easy to check that
the new point x ∈ Ai,i−1 ∩ Ai−1 satisfying that Bri−1(x) ∩ Bri(Ai) = ∅ which implies the cardinality of Ai,i−1 is
less than Λǫ−1.
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Then add minimal number of points of Ai−2 to Ai,i−1 such that the new set Ai,i−2 satisfying B2ri−2(Ai−2) ⊂
B4ri−2(Ai,i−2). By doing this process i times, we get a new set Ai,0 which satisfies B2r j(A j) ⊂ B4r j(Ai,0) for all
0 ≤ j ≤ i. From the construction we have the cardinality of #Ai,0 is less than Λǫ−1. Since Ai ⊂ B2(A0) we
have for some sufficiently large i0 that Ai0 = ∅. Set A = Ai0 ,0 = {p1, · · · , pN}. Then the finite set A satisfies
Theorem 1.3.
Indeed, for any x ∈ M if r = d(x, A) with 4ri+1 < r ≤ 4ri, then x < B2ri+1(Ai+1) which implies that∫
Bri+1 (x)
|Rm|2 ≤ ǫ. Hence by Theorem 1.2 we have
|Rm|(x) ≤ C
(
d2(p, x) + 1
)
(r−2 + 1), (3.45)
which concludes the estimate in Theorem 1.3. 
3.6. Proving Theorem 1.4. By the volume comparison in [WW] and the potential estimate in Lemma 2.3,
after passing to a subsequence we have (Mi, gi, pi) → (X, d, p) in pointed Gromov-Hausdorff sense for some
length space (X, d, p). By Theorem 1.3 we have finite points Ai = {qi1, · · · , qiNi} ⊂ Mi with Ni ≤ N(Λ) and
|Rm|(x) ≤ C
(
d2(pi, x) + 1
)
(d(x, Ai)
−2
+ 1), for all x ∈ Mi. (3.46)
Consider the limit A∞ ⊂ X of Ai. The cardinality #A∞ ≤ N(Λ). For any x ∈ X \ A∞ with r = d(x, A∞) > 0,
assume xi ∈ Mi → x which implies that d(xi, Ai) > r/2 for sufficiently large i. By Theorem 1.2, we have
sup
Br/2(xi)
|Rm| ≤ C(d(p, x))r−2. (3.47)
Combining with the soliton equation, we have for all k ≥ 0 as in Lemma 3.2 that it holds the following
curvature derivative estimate
sup
Br/4(xi)
|∇kRm| ≤ Ckr−2−k. (3.48)
By Theorem 1.1 and Remark 1.2 of Naber-Tian [NaTi], we conclude that a neighborhood of x is a smooth
Riemannian orbifold. The lower sectional curvature bounds is a direct consequence of the fact the Alexan-
droff space is preserved along GH-convergence. See also the discussion in Naber-Tian [NaTi] and [LoVi].

4. ǫ-REGULARITY OF RICCI FLOW
The main purpose of this section is to prove the ǫ-regularity of Ricci flow. The idea is similar as that of
the shrinking soliton case where we reduce the ǫ-regularity to bounded Ricci curvature manifold case. We
will see that the crucial part is a backward Pesudolocality estimates for Ricci flow. The main result is the
following theorem
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Theorem 4.1. There exist universal constants ǫ and C such that if (M4, g(t)) is a compact Ricci flow on
(−1, 1) with bounded scalar curvature |R| ≤ 1 at all time, and if at the time t = 0 we have∫
M
|Rm|2 ≤ ǫ (4.1)
and the diameter diam(M, g(0)) = D, then the curvature at t = 0 is bounded
sup
M
|Rm| ≤ Cmax{D−2, 1}. (4.2)
Remark 4.1. By scaling |R| ≤ S to |R| ≤ 1 we can see that Theorem 1.5 is a direct corollary of Theorem 4.1.
To prove theorem 4.1 we may assume D ≥ 1 since we can rescal the metric when D < 1.
4.1. Curvature Derivative estimates. In this subsection, we will show that Ricci flow equips properties
similar as that of critical metrics. The main result of this subsection is the following curvature derivative
estimate which is one key estimate toward our ǫ-regularity theorem.
Theorem 4.2. Let (Mn, g(t)) be a compact Ricci flow on (−1, 1) with bounded scalar curvature |R| ≤ n. If
the Riemann curvature sup(M,g(0)) |Rm| ≤ A with A ≥ 1 and diam(M, g(0)) ≥ 1, then
sup
(M,g(0))
|∇Rm| ≤ C(n)A3/2. (4.3)
Remark 4.2. The proof of Theorem 4.2 depends on a backward curvature estimate and Shi’s curvature
derivative estimates. All the results in this subsection hold for all dimensions.
Backward Curvature estimates. Applying similar argument as in Bamler-Zhang [BaZh], we can prove the
following backward curvature estimate. See also Li-Wang-Zheng [LWZ] for a backward curvature estimate
of Calabi flow.
Proposition 4.3 (Backward Curvature). Let (Mn, g(t)) be a compact Ricci flow on (−1, 1) with bounded
scalar curvature |R| ≤ n. If the Riemann curvature sup(M,g(0)) |Rm| ≤ A with A ≥ 1 and diam(M, g(0)) ≥ 1,
then there exists a constant ǫ(n) > 0 such that sup(M,g(t)) |Rm| ≤ 2A for all −ǫA−1 ≤ t ≤ 0.
The proof depends on an improved curvature estimate on Ricci flow. The following lemma could be
found in Bamler-Zhang [BaZh]; see also Wang [Wa]. We only sketch a proof here, see [BaZh] for more
details.
Lemma 4.4 (Improved curvature estimates). Let (Mn, gt) be a Ricci flow on (−1, 1) with bounded scalar
curvature |R| ≤ S ≤ n and diam(M, g(0)) ≥ 1. Then there exists universal C(n) such that if
sup
−r2≤t≤0
sup
Br(x,gt)
|Rm| ≤ r−2, for some r ≤ 1, (4.4)
then
sup
−r2/2≤t≤0
sup
Br/2(x,gt)
|Ric| ≤ C
√
S r−1 (4.5)
sup
−r2/2≤t≤0
sup
Br/2(x,gt)
∣∣∣∣∂t |Rm|
∣∣∣∣ ≤ C √S r−3. (4.6)
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Remark 4.3. Br(x, gt) is a ball with radius r in (M, g(t)). By distance control due to bounded curvature
assumption (4.4), one can replace the region Pr,x,t ≡ ∪−r2≤t≤0Br(x, gt) by the space time region [−r2, 0] ×
Br(x, g0).
Proof. Let us first recall the evolution equation for scalar curvature
∂tR = ∆R + 2|Ric|2.
By multiplying a cutoff function to the above equation and integrating on space time (−r2, 0]× Br(x, gt), we
get
? 0
−3r2/4
dt
?
B3r/4(x,gt)
|Ric|2 ≤ C(n)r−2 sup
(−r2,0]×Br(x,gt)
|R| ≤ C(n)S r−2, (4.7)
where we need to use bounded curvature estimate to get the derivative estimates for cutoff function. Now
by using the evolution equation of Ric
(∂t − ∆ − 2Rm)Ric = 0, (4.8)
and by parabolic Moser iteration which is valid due to Sobolev constant estimate in Lemma 2.4, we deduce
the pointwise Ricci curvature estimate
sup
[−3r2/5,0]×B3r/5(x,gt)
|Ric| ≤ C(n)
√
S r−1. (4.9)
Using the derivative version of evolution equation for Ric curvature in(4.8) and using Moser’s iteration, we
get higher derivative estimates for Ric
sup
[−r2/2,0]×Br/2(x,gt)
|∇kRic| ≤ C(n, k)
√
S r−1−k, for k ≥ 0. (4.10)
Noting that (see [To, Ha])
∂tRm = Ric ∗ Rm + ∇2Ric, (4.11)
we have
sup
[−1/2r2 ,0]×Br/2(x,gt)
|∂tRm| ≤ C(n)
√
S r−3. (4.12)
On the other hand, we have∣∣∣∣∂t |Rm|
∣∣∣∣ ≤ C(n)|∂tg| · |Rm| +C(n)|∂tRm| ≤ C(n)|Ric| · |Rm| +C(n)|∂tRm|. (4.13)
Thus
sup
[−r2/2,0]×Br/2(x,gt)
∣∣∣∣∂t |Rm|
∣∣∣∣ ≤ C(n)√S r−3, (4.14)
which finishes the proof. 
16 HUABIN GE AND WENSHUAI JIANG
Proving Proposition 4.3. Denote f (t) = sup(M,g(t)) |Rm|. Let us begin with the following claim.
Claim: There exists ǫ(n) > 0 such that if r ≤ ǫ(n) and if f (s) ≤ r−2 with fixed s ∈ [− 1
2
+ 2r2, 0], then
sup
−r2+s≤t≤s
f (t) ≤ 2r−2.
Once we prove the claim, Proposition 4.3 would follow by choosing s = 0 in the claim. Now it will
suffice to prove the claim.
We prove this by induction on r = rk = 2
−k. Since M is compact, there exists k0 depending on (M, g(t))
with t ∈ [−3/4, 0] such that sup−3/4≤t≤0 sup(M,g(t)) |Rm| ≤ r−2k0 . Thus the claim is true for such r = rk0 .
Now we assume the claim holds for all r ≤ ri with ri ≤ ǫ for some ǫ(n) to be determined. We are going
to prove the claim for r = ri−1 provided ri−1 ≤ ǫ.
Assume f (s) ≤ r−2
i−1 for some − 12 + 2r2i−1 ≤ s ≤ 0. By induction for f (s) ≤ r−2i we have
sup
−r2
i
+s≤t≤s
f (t) ≤ 2r−2i .
By induction again for s′ = s − r2
i
, we get
sup
−r2
i+1
−r2
i
+s≤t≤s−r2
i
f (t) = sup
−5r2
i+1
+s≤t≤s−r2
i
f (t) ≤ 2r−2i+1. (4.15)
Using Lemma 4.4, we have derivative estimates
sup
−r2
i
+s≤t≤s
∣∣∣∣∂t|Rm|
∣∣∣∣ ≤ C(n)r−3i+1. (4.16)
Hence for all −r2
i
+ s ≤ t ≤ s, we have
f (t) ≤ f (s) + (s − t)C(n)r−3i+1 ≤ r2i−1 +C(n)r2i r−3i+1 ≤
(
1 + 16C(n)ri−1
)
r−2i−1. (4.17)
By choosing ǫ(n) small such that 16ǫC(n) ≤ 1/8, we arrive at
sup
−r2
i
+s≤t≤s
f (t) ≤ 9
8
r−2i−1 ≤ r−2i . (4.18)
By using the same argument as above to s ← s − r2
i
, we can show that
sup
−2r2
i
+s≤t≤s−r2
i
f (t) ≤ 10
8
r−2i−1 ≤ r−2i . (4.19)
Using the same argument twice to s ← s − 2r2
i
and s ← s − 3r2
i
, we have
sup
−4r2
i
+s≤t≤s
f (t) ≤ 12
8
r−2i−1 ≤ 2r−2i−1. (4.20)
We should point out that we can use induction just because s − 4r2
i
≥ 2r2
i
− 1
2
for any s ≥ − 1
2
+ 2r2
i−1.
Thus we finish the proof of the claim by choosing ǫ ≤ 1
128C(n)
, where C(n) is the constant in Lemma 4.4. In
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particular, by letting s = 0 and r = ǫA−1/2 with ǫ = ǫ(n) in the claim, we conclude the backward curvature
estimate. 
Proving Theorem 4.2. Theorem 4.2 follows now directly from Proposition 4.3 and Shi’s curvature estimates
[Shi]. 
4.2. ǫ-regularity with bounded Ricci curvature. In this subsection, we will prove an ǫ-regularity estimate
of Ricci flow provided bounded Ricci curvature at time zero. In subsection 4.3, we will show the Ricci
curvature is bounded. The main result of this subsection is the following estimate.
Proposition 4.5. There exist universal constants ǫ and C such that if (M4, g(t)) is a compact Ricci flow on
(−1, 1) with bounded scalar curvature |R| ≤ 1 at all time, and if at the time t = 0 we have sup(M,g(0)) |Ric| ≤ 3,∫
M
|Rm|2 ≤ ǫ and diam(M, g(0)) ≥ 1, then
sup
(M,g(0))
|Rm| ≤ C. (4.21)
Proof. For any ǫ′ there exit ǫ = ǫ(ǫ′) and η = η(ǫ′) > 0 such that if
∫
M
|Rm|2 ≤ ǫ then by Theorem 3.4 we
have for every x ∈ (M, g(0)) and some 1 > s ≥ η > 0 that
s4
?
Bs(x)
|Rm|2 ≤ ǫ′. (4.22)
This will be good enough to deduce the curvature estimates. Indeed, denote |Rm|(x0) = sup(M,g(0)) |Rm| =
A. We will show that A ≤ s−2. Otherwise, by curvature derivative estimate in Theorem 4.2 we have
sup(M,g(0)) |∇Rm| ≤ CA3/2. Therefore, by the volume comparison we have for a universal constant C0 that
C0 ≤ A−2
?
B
A−1/2 (x0)
|Rm|2 ≤ C(n)s4
?
Bs(x0)
|Rm|2 ≤ Cǫ′, (4.23)
which leads to a contradiction by choosing a small and universal ǫ′. Hence we finish the proof of Proposition
4.5. 
4.3. Ricci curvature estimates. In this subsection we will argue as Section 3 to show that the Ricci curva-
ture is bounded if the L2 curvature integral is small. The main result is the following
Proposition 4.6. There exist universal constants ǫ and C such that if (M4, g(t)) is a compact Ricci flow on
(−1, 1) with bounded scalar curvature |R| ≤ 1 at all time, and if at the time t = 0 we have diam(M, g(0)) ≥ 1
and ∫
M
|Rm|2 ≤ ǫ, (4.24)
then the Ricci curvature at t = 0 is bounded
sup
M
|Ric| ≤ C. (4.25)
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Proof. Let us fix ǫ as in Proposition 4.5 and denote the constant C in Proposition 4.5 by C0. Assume
sup(M,g(0)) |Ric| = A > 3. We will show A is bounded by a universal constant C.
Consider the rescaling flow g˜(t) = Ag(tA−1) which satisfies the condition in Proposition 4.5 with scalar
curvature estimate |R˜| ≤ A−1 and sup(M,g˜(0)) |R˜ic| = 1. By Proposition 4.5 we have
sup
(M,g˜(0))
|R˜m| ≤ C0 (4.26)
By Backward curvature estimate in Proposition 4.3 we have for a dimensional constant ǫ0 that
sup
−ǫ0≤t≤0
sup
(M,g˜(t))
|R˜m| ≤ 2C0. (4.27)
Applying Ricci curvature estimate in Lemma 4.4 we conclude for a universal constant C1 that
1 = sup
(M,g˜(0))
|R˜ic|2 ≤ C1C0A−1, (4.28)
which in particular implies A ≤ C1C0 ≡ C. Thus we finish the whole proof. 
4.4. Proving Theorem 4.1. Theorem 4.1 follows directly from Proposition 4.5 and Proposition 4.6. 
5. EXAMPLES
In this section, we construct several examples to explain our results. The topology of all these examples
are simple and are just product spaces.
5.1. Higher dimensional Ricci flat metrics. In this subsection, we will construct Ricci flat manifolds with
dimension n ≥ 5 such that they hold no ǫ-regularity as Theorem 1.1.
Indeed, for any a > 0, we choose a sequence of complete Ricci flat n − 1-dimensional manifolds Na
with curvature |Rm|(pa) = maxx∈Na |Rm| = a. Consider the product manifolds Ma = Na × S 1θ with product
metric where S 1
θ
is a circle with radius θ. Then Ma is Ricci flat. Let us consider the ball B1(p¯a) where
p¯a = (pa, 0) ∈ Ma. For any ǫ > 0, by choosing θ = θ(a, ǫ) small, due to Vol(B1(p¯a)) ≤ C(n)θVol(B1(pa)) we
always have ∫
B1(p¯a)
|Rm| n2 ≤ ǫ, (5.1)
which in particular implies that no ǫ-regularity holds on Ma since |Rm|(p¯a) ≥ a. 
Remark 5.1. For n = 5, we can choose 4-dimensional manifolds N4a as the blow down of Eguchi-Hanson
manifolds.
Remark 5.2. From the construction above, we see that even
∫
B1
|Rm|p ≤ ǫ for p > n/2 there still exists no
ǫ-regularity. Indeed, as pointed out by Naber-Zhang [NaZh], there are topological restrictions on higher
dimensional ǫ-regularity.
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5.2. Ka¨hler metric with zero scalar curvature. In this subsection, we construct Ka¨hler metrics with zero
scalar curvature which doesn’t satisfy an ǫ-regularity.
Indeed, let (N, h) be a complete noncompact hyperbolic surface with finite volume and constant curvature
−1 (see [FaMa] for the existence of such a hyperbolic surface). For any a > 0 consider the product space
(Ma, ga) = Na × S 2a with product metric, where (Na, ha) = (N, a2h) and S 2a is the standard two sphere with
curvature a−2. Since Na and S 2a are Ka¨hler we have Ma is Ka¨hler and scalar flat. Let us see that (Ma, ga)
doesn’t satisfies any ǫ-regularity as Cheeger-Tian. In fact, for any a > 0 and ǫ > 0 since Ma is noncompact
and has finite volume, there exists B1(x) ⊂ Ma such that Vol(B1(x)) ≤ a4ǫ. Therefore
∫
B1(x)
|Rm|2 ≤ Vol(B1(x))a−4 ≤ ǫ. (5.2)
On the other hand, noting that the curvature of (Ma, ga) satisfies |Rm|(x) = a−2, there exists no ǫ-regularity
if a is sufficiently small.
Remark 5.3. Ka¨hler metric with zero scalar curvature is a critical metric as defined in Definition 2.1.
5.3. Critical metrics with bounded Ricci curvature. If we assume a bounded Ricci curvature for critical
metrics, we can prove
Theorem 5.1. Let (M4, g) equip with a critical metric g. Then there exist ǫ > 0 and C such that if for some
r ≤ 1 that
∫
Br(p)
|Rm|2 ≤ ǫ, and sup
Br(p)
|Ric| ≤ 3 (5.3)
then we have
sup
B 1
2
r
(p)
|Rm| ≤ Cr−2, (5.4)
Proof. This is a direct consequence of the curvature estimate in Theorem 3.4 and the ǫ-regularity theorem
2.2 for critical metrics. 
Remark 5.4. By the example in Subsection 5.2, the bounded Ricci curvature condition is a necessary condi-
tion in Theorem 5.1.
Remark 5.5. The constant C in (5.4) can’t be chosen arbitrarily small. Indeed, consider M = S 3 × S 1
θ
with
product metric where S 3 is the standard sphere and S 1
θ
is a circle with radius θ. We have ∆Ric = 0 which
means M has critical metric. By letting θ small we have the integral
∫
Br
|Rm|2 is small as we want. However
the curvature |Rm| has a definite lower bound. That means the constant C in (5.4) has a definite lower bound
for any ǫ > 0.
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6. FURTHER DISCUSSIONS ON RICCI FLOW
The key ingredient for ǫ-regularity of Ricci flow is the curvature derivative in Theorem 4.2 which relies on
a backward curvature estimate. Our backward curvature proof of Proposition 4.3 depends on the closeness
of the manifold. If one can give a local proof of backward curvature estimate, then an ǫ-regularity follows
easily by the same argument as in Section 4. The backward estimate can be stated in the following way:
Backward Pseudolocality Estimate: Let (M4, g(t)) be a 4-dimensional complete Ricci flow ∂tg = −2Ric
on (−1, 1) with bounded scalar curvature |R| ≤ 1. Then there exists ǫ such that if supBr(x,g0) |Rm| ≤ r−2 for
some r ≤ 1 at time t = 0 we have
sup
(y,t)∈Br/2(x,g0)×[−ǫr2,0]
|Rm|(y, t) ≤ 2r−2. (6.1)
The backward Pseudolocality estimate is roughly a space time regularity scale estimate; see also [HeNa]
for regularity scale estimate in their setting. Under volume noncollapsed assumption along the flow, the
backward Pseudolocality estimate (6.1) was proved in [BaZh].
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